Two sets of conditions are presented for the compactness of a real plane algebraic curve, one su‰cient and one necessary, in terms of the Newton polygon of the defining polynomial.
Introduction
We do not, at present, have a complete understanding of the possible topologies of real a‰ne plane algebraic curves of given degree. Indeed, this is one half of Hilbert's 16th problem. For any given curve the problem is much easier, but is still complicated in comparison with the complex case. A summary of the current state of knowledge, and some new results, may be found in de la Puente [2002] .
This paper is concerned exclusively with compactness of such curves. It is not hard to see that a real a‰ne plane algebraic curve is compact if and only if its points on the line at infinity are all isolated. There are finitely many such points and there exists an e¤ective procedure to check whether they are isolated Duval [1989] . That procedure is complicated both to describe and perform, however. This paper presents a simple necessary criterion and a simple su‰cient condition, both of which can be stated in terms of the Newton polygon of the defining polynomial. Unfortunately any criterion which is both necessary and su‰cient will not be simple. For almost all curves with a given Newton polygon, however, either the necessary condition fails or the su‰cient condition holds. Only for a set of curves of codimension at least one do we need to use the more complicated machinery of Duval [1989] .
In this paper
It is possible to give compactness criteria which are both necessary and su‰cient, but these are much more complicated and require a knowledge of c k; l for ðk; lÞ in the interior of the Newton polygon, as the example
shows. The Newton polygon is a triangle with vertices at ð0; 0Þ, ð0; 8Þ and ð8; 0Þ. The coe‰cient c corresponds to the interior point ð2; 2Þ. If c b 0 then pðx; yÞ b 1 for all ðx; yÞ A R 2 , so the curve C is empty and hence compact. If c < 0 and t b ffiffiffiffiffiffi Àc 4 p then pðt; tÞ ¼ ct 4 þ 1 a 0 while pðt; 0Þ ¼ t 8 þ 1 b 0, so the intermediate value theorem
shows that C intersects the line segment joining ðt; 0Þ and ðt; tÞ. Therefore there is a point ðx; yÞ A C with x ¼ t. It follows that x is unbounded on C for c < 0 and thus that C is not compact for such c.
The edge polynomials are polynomials in a single variable, so the Sturm test, see Dickson [1922] , can be used to check for real zeroes.
It is, perhaps, of interest that Theorem 1 was developed for the single example of 
Su‰ciency
Assume that Theorem 1 is false, i.e., that for some p satisfying the conditions there is a sequence of points ðx n ; y n Þ such that pðx n ; y n Þ ¼ 0
with either x n or y n unbounded. Passing to a subsequence we may assume that either Compactness criterion for plane curves jx n j a j y n j and lim n!y jy n j ¼ y ð9Þ or jy n j a jx n j and lim n!y jx n j ¼ y:
Without loss of generality we may assume the former. It then follows that a n ¼ logjx n j logjy n j a 1:
Passing again to a subsequence, we may assume that this quantity either tends to a finite limit a or that it tends to Ày.
Supposing that lim n!y a n ¼ Ày, let
Then maximum is over a non-empty set since x does not divide p. There may or may not be ðk; lÞ A N with k 0 0. If there are then
Since lim n!y a n ¼ Ày, we may pass to a subsequence where a n a A À 1:
Then, for all ðk; lÞ A N with k 0 0, logjx k n y l n j logjy n j ¼ ka n þ l a ka n þ L À kA a L À k a L À 1 ð15Þ so that jx k n y l n j a j y n j LÀ1 ð16Þ for all ðk; lÞ A N with k 0 0, if there are any such ðk; lÞ. Passing to a subsequence where j y n j > 1, the same estimate holds for ðk; lÞ A N À ð0; LÞ such that k ¼ 0. It now follows from the triangle inequality that P ðk; lÞ A NÀð0; LÞ c k; l x k n y l n a jy n j LÀ1 P ðk; lÞ A NÀð0; LÞ jc k; l j: ð17Þ
Once j y n j > P ðk; lÞ A NÀð0; LÞ jc k; l j=jc 0; L j ð18Þ the triangle inequality shows that j pðx n ; y n Þj b jc 0; L j jy n j L À P ðk; lÞ A NÀð0; LÞ c k; l x k n y l n > 0; ð19Þ contradicting (8).
Suppose, then, that lim n!y a n ¼ a. Define
Let M be the set where this maximum is taken. M is either a vertex or an outer edge of the Newton polygon. In either case, define ð21Þ m 000 ¼ max
It follows immediately that m > m 0 > m 00 > m 000 . 
for all su‰ciently large n.
If, on the other hand, M is the outer edge E with endpoints ðk 0 E ; l 0 E Þ and ðk 00 E ; l 00 E Þ then, since e E has no real zeroes, there is an e E > 0 such that
for all t. Then P ðk; lÞ A M c k; l x k n y l n ¼ jx
It follows that lim n!y logj P ðk; lÞ A M c k; l x k n y l n j logjy n j
and hence that (24) holds for su‰ciently large n.
In either case, for ðk; lÞ A N À M, lim n!y logjx k n y l n j logj y n j ¼ ak þ l a m 000 :
For su‰ciently large n, we then have jx k n y l n j a j y n j m 00 ð29Þ and hence P ðk; lÞ A NÀM c k; l x k n y l n a P ðk; lÞ A NÀM jc k; l j jy n j m 00 : ð30Þ
For n su‰ciently large, jy n j m 0 > P ðk; lÞ A NÀM jc k; l j jy n j m 00 ð31Þ and hence, by the triangle inequality, 
Necessity
Condition 1 is obviously necessary for compactness. Suppose condition 2 is violated. Then there is some outer edge E with endpoints ðk 0 E ; l 0 E Þ and ðk 00 E ; l 00 E Þ for which e E has a zero of odd order. Since e E ð0Þ ¼ c k 0 E ; l 0 E and ðk 0 E ; l 0 E Þ is an extreme point of the Newton polygon we know that e E ð0Þ 0 0. On either side of a zero of odd order there are points t þ and t À where e E ðt þ Þ > 0 and e E ðt À Þ < 0:
We may take t þ and t À to have the same sign. Since E is an outer edge there are a and b, at least one of which is positive, such that ak þ bl ð34Þ is maximized for ðk; lÞ A E. Let m be this maximum and
there are integers r and s such that
Setting x n ðtÞ ¼ t r n a and y n ðtÞ ¼ t s n b ð38Þ we see that
x n ðtÞ k y n ðtÞ l ¼ t rkþsl n akþbl :
If k ¼ k 0 E þ ip E and l ¼ l 0 E þ iq E then x n ðtÞ k y n ðtÞ l ¼ t rk 0
From this it follows that 
